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Abstract| We study the eects of vibrations in
the Pd
3
system using rst-principles pseudopoten-
tial calculations. We nd that upon disordering
from the DO
22
phase, the decreases by 0:07k
B
. We
explain our results in terms of atomic relaxations
and size eects.
I. Introduction
Materials research and design can be signi-
cantly accelerated using rst principles computa-
tions. As these methods require little or no ex-
perimental input, a virtual laboratory can be set
up where materials properties are evaluated be-
fore they are synthesized. Using a computational
approach materials have already been designed
for high-energy density rechargeable batteries, for
magneto-optical storage and for Hydrogen catal-
ysis. One of the key problems in computational
materials science is to determine the structure in
which a new composition will form. This is there-
fore an important part of the research program of
Professor Ceder at MIT. In this manuscript we in-
vestigate in particular the role that atomic vibra-
tions play in aecting structural stability at nite
temperature.
Traditionally, the eects of vibrations have not
even been considered in theoretical phase stability
studies, which focused primarily on substitutional
inuences. There is growing evidence, both ex-
perimental and theoretical that vibrational ther-
modynamics can have a signicant inuence on
phase diagrams.
Unfortunately, at present there are only the be-
ginnings of a qualitative understanding of how dif-
ferences in vibrational thermodynamics arise. In
real systems, various mechanisms such as volume
dierences, bond type dierences, internal strain
eects, and defect structures (impurities, grain
boundaries, etc.) can all contribute to the vibra-
tional thermodynamics, making it diÆcult to sep-
arate out the contributions of each. An advantage
of computational approaches is that it is possible
to manipulate the system being studied so as to
isolate dierent mechanisms, for example, by re-
moving thermal expansion or restricting internal
relaxations. In this work we will use computa-
tional approaches to study how relaxations and
bonding changes between dierent chemical order-
ings inuence vibrational entropies.
The key results can be summarized as fol-
lows. First-principles pseudopotential calculations
for the vibrational entropy of Pd
3
V indicate that
upon disordering the DO
22
phase the vibrational
entropy decreases by 0:07k
B
. This is somewhat
surprising since the DO
22
phase is expected to
have stier bonds, and therefore a lower vibra-
tional entropy, than the disordered phase. More
detailed analysis shows that despite the small size
mismatch between Pd and V there is signicant
relaxation allowed in the disordered phase that is
not possible in the DO
22
structure. The dier-
ent relaxations occur because any given disordered
conguration has much lower symmetry than the
DO
22
phase (although, when the occupations are
thermodynamically averaged, the averaged disor-
dered phase has higher symmetry than DO
22
). It
is shown that the greater relaxation allows a sti-
ening of the Pd-V bonds, which leads to the low-
ering of the entropy with disordering.
II. Qualitative Framework
First we will discuss a simple qualitative picture
of the eects of changing chemical order on the
vibrational thermodynamics. We will restrict the
discussion to various lattice decorations of a xed
parent lattice at a xed composition. In the har-
monic approximation, the vibrational thermody-
namics of a given structure is determined by its dy-
namical matrix, which in turn is given by the force
constant matrix and the masses. At a xed com-
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position and high temperatures the masses con-
tribute a constant term to the vibrational ther-
modynamics and can therefore be ignored when
considering dierences. Changes in the vibrational
thermodynamics between dierent lattice decora-
tions must therefore come from changes in the pro-
portions of dierent force constants, or changes in
their actual values.
The sensible starting model of how the force
constants are aected by chemical order is what
we will call the \bond-proportion model". This
model assumes that each type of bond carries with
it an approximately xed force constant, and that
changes in the force constants with chemical order
are due primarily to changes in the proportions of
dierent types of bonds. This sort of model is
often used to give a simple starting Hamiltonian
from which more elaborate theoretical calculations
are tractable.
If this bond-proportion model is accurate, even
qualitatively, there are certain implications for the
behavior of vibrational entropies. For example,
consider an ordered compound, and compare it to
the pure elements from which it is made. As a
rst approximation the force constants between
unlike species are given by the harmonic mean
of the force constants between like species. For
bonding of this type the bond-proportion model
predicts very little change in the vibrational ther-
modynamics upon disordering. For a strongly or-
dering material it is to be expected that bonds
between unlike species are more stable, and there-
fore have somewhat stier force constants than the
harmonic mean of the bonds between like species.
The stier average force constants would gener-
ally cause the ordered phase to have a lower vi-
brational entropy than the average of the pure
elements (which have only like neighbor bonds).
Dene the vibrational formation entropy of a bi-
nary compound A
1 c
B
c
by
S
form
= S
ord
  (1  c)S
A
  cS
B
; (1)
where S
ord
, S
A
, and S
B
are the vibrational en-
tropies of the ordered, pure A, and pure B materi-
als, respectively. The above arguments show that
the bond-proportion model predicts that for an
ordering alloy the vibrational formation entropy
would be negative. Another implication of the
bond-proportion model is that for an ordering al-
loy, the disordered phase will have a larger vibra-
tional entropy than an ordered phase of the same
composition. This follows from the fact that the
disordered phase has fewer unlike neighbor bonds
associated with sti force constants than the or-
dered phase.
Unfortunately, neither experiments or direct
rst-principles calculations support the predic-
tions of the bond-proportion model in general.
Calculations of the high-temperature limit of
S
form
based on experimentally measured force
constants and densities of states show that many
ordered compounds have positive values of S
form
. Furthermore, rst-principles calculations on the
Cu-Au system found positive values of S
form
for all the ordered structures studied. These re-
sults are not consistent with the bond-proportion
model.
Experimental measurements for a number of
systems have consistently found that the vibra-
tional entropy increases with disordering, which
matches the predictions of the bond-proportion
model. On the other hand, rst-principles results
for Ni
3
Al, which is a very strongly ordering com-
pound, show essentially no change in entropy be-
tween the ordered and disordered phases.
We propose that to explain, even qualitatively,
the changes in vibrational entropy one must go
beyond a simple bond-proportion model and in-
corporate size eects. By size eects is meant the
eects on the force constants that are associated
with compression and stretching of the bonds.
Size eects are not included in the simple bond-
proportion model, where all bonds are considered
xed in their strength. For example, if elements A
and B have very dierent sizes, there is no reason
to expect A-A bonds to have similar force con-
stants in A and B rich environments, since the A-
A bonds will be of very dierent lengths in the two
cases. In the high-temperature limit the relevant
thermodynamics can be calculated from the log-
arithmic average of the density of states (h ln!i),
which is dened by
h ln!i =
Z
1
0
ln!g(!)d!: (2)
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Here g(!) is the vibrational density of states and
! is the frequency. Dene the change in h ln!i
by h ln!i = h ln!i
disordered
  h ln!i
ordered
. The
change in vibrational free energy (F ) and en-
tropy (S) with disordering can then be written
simply as
F = k
B
Th ln!i (3)
S =  k
B
h ln!i (4)
III. First-principles study of Pd
3
V
Pd
3
V is a system for which one might ex-
pect the bond-proportion model to be accurate.
Pd and V have a very small size mismatch

(V
Pd
 V
V
)
(V
Pd
+V
V
)=2
= 0:06

so size eects should not be
too large. Pd
3
V forms in an ordered DO
22
struc-
ture for temperatures below 1090K, so it is to be
expected that Pd-V bonds will be stronger than
the harmonic mean of Pd-Pd and V-V bonds. In
addition, Pd and V are on either side of the transi-
tion metals in the periodic table. In general, bulk
moduli tend to reach a maximum near the mid-
dle of the transition metals series. To the extent
that a Pd-V bond resembles one between two ele-
ments of the middle of the transition metals series,
it is to be expected that the Pd-V bonds will be
stier than Pd-Pd or V-V bonds. Given these ar-
guments, the bond-proportion model predicts that
the vibrational entropy should increase upon dis-
ordering Pd-V, since fewer Pd-V bonds are present
in the disordered phase.
First-principles methods have been used to cal-
culate the vibrational thermodynamics of a few
dierent structures of the Pd
3
V system. Calcu-
lations have been done with the quasiharmonic
method , which extends the harmonic method to
approximately include anharmonic terms by al-
lowing volume dependent frequencies. All the
entropy values quoted for Pd
3
V were calcu-
lated in the high-temperature limit at the zero-
temperature equilibrium volumes of the struc-
tures. The eects of thermal expansion are not
reported for simplicity as they are very small, con-
tributing less than 0:01k
B
to the entropy dierence
between the DO
22
and disordered phases at a tem-
perature of 1000K. The required force constants
were t to ab-initio calculations of forces in super-
cells with slightly displaced atoms . The calcu-
lations are made computationally feasible by re-
stricting displacements to consist of whole planes
of atoms, thereby maintaining as much symmetry
as possible. Planar force constants are obtained
from the displacements and forces according to the
relation
 F

(n) =
X
m;


(n m)u

(m); (5)
where F

(n) is the force on atom  in layer n,
u

(m) is the displacement of atom  in layer m,
and 

(n m) is the (n m)th layer planar force
constant in the direction normal to the planes.
The planar force constants can be related to the
more usual force constant matrix between atoms
 and  by the formula
 

(n) =
X
(Rje^(R+

)=d
n
)
D

(R); (6)
where d
n
is the distance between the planes being
considered, e^ is the normal vector to the planes,


is thebasis vector connecting atoms  and
beta in a unit cell, and R is a lattice translation
vector. D

(R) is the usual force constant matrix
between atoms  and , separated by basis vector


and lattice vector R, which is calculated by
second derivatives of the energy with respect to
displacements of those atoms. Eq. (6) shows that
the planar force constants are obtained by collect-
ing the usual force constants for all atoms in the
appropriate plane, projecting these force constants
along the plane normal, and then summing the re-
sulting terms. By performing calculations along a
number of directions and applying symmetry re-
lations it is possible to determine all the desired
force constants from Eqs. 5 and 6.
Our ab-initio calculations were performed
within the local density approximation (LDA) us-
ing the VASP package which implements ultra-
soft pseudopotentials . To ensure that the errors
in the calculated forces did not introduce errors
in the vibrational entropies that exceed 0.02 k
B
,
the following parameters were used. The number
of k-points in the rst Brillouin zone was chosen
to be approximately (14)
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divided by the number
of atoms in the unit cell. An high energy cuto
of 365 eV was used to accurately determine the
3
equilibrium cell shapes, while a cuto of 211 eV
was suÆcient for our purposes to obtain accurate
forces.
Since we were interested in the change in vi-
brational thermodynamics upon disordering it was
necessary to be able to calculate vibrational prop-
erties of the disordered phase. The disordered
state was modeled by a Special-Quasirandom-
Structure (SQS). The SQS's are small unit cell
structures that are constructed to mimic the short-
range correlations of a truly random structure as
much as possible. They have been shown to give
good estimates of disordered values for a number
of electronic and vibrational properties. For this
study an eight atom SQS (SQS-8) is used, which
we believe is large enough to accurately represent
the vibrational thermodynamics of the disordered
lattice but is small enough to be computationally
tractable. A useful way to represent the SQS-8 is
in terms of correlations. These are dened as fol-
lows. Assign to each lattice site the pseudo-spin
value of -1 or +1, depending if the site is occupied
by a Pd or V, respectively. Any cluster of sites
can then be assigned a cluster function, which is
simply the product of the pseudo-spin values on
all the sites in the cluster. A correlation is a clus-
ter function averaged over all symmetry equivalent
clusters in the parent lattice. Structures with sim-
ilar correlations tend to have atoms in similar en-
vironments. The correlations for the SQS-8 used
in this work, as well as the L1
2
, DO
22
, and a truly
random structure, are given in corr. Note that the
correlations for the SQS-8 and random structures
are quite similar, showing that the SQS-8 has sim-
ilar local environments to the disordered phase.
In calculating the force constants some choice
must be made about hoi many to include. The
entropy (un units of kb) for the DO
22
structures
were -4.47,4.53, and -4.58 for rst, second, and
third-nearest neighbors. The entropy for the L1
2
structures were -4.39, -4.44, -4.48 for rst, second,
and third-nearest neighbors. Unfortunately, com-
putational limitations restrict us to including only
rst-neighbor force constants in the SQS-8 struc-
ture. The vibrational entropy was -4.54. It can
be seen that over the rst three neighbor shells
the total entropy of the L1
2
and DO
22
structures
change by about 0:1k
B
, but that the entropy dif-
ference between them is converged to within about
0:02k
B
by the rst-neighbor shell. This suggests
that the entropy dierence between the SQS-8 and
DO
22
structures is probably also well converged
after the rst-neighbor force constants. The the
entropy of the disordered phase is 0:07k
B
below
that of DO
22
. The major sources of error in this
result are likely to be the use of the SQS-8 to
approximate the disordered phase and the limit-
ing of the force constants to the nearest-neighbor
shell. The error due to the SQS-8 can be estimated
by considering dierences between L1
2
and DO
22
.
These two structures have an entropy dierence of
0:08k
B
and correlations that are identical for the
rst-neighbor shell and fairly close after that. For
comparison, the SQS-8 and totally random struc-
tures also have identical rst-neighbor correlations
and farther range correlations that are much more
similar than those of L1
2
and DO
22
. It is therefore
to be expected that the entropy dierence between
the SQS-8 and random structure would be signi-
cantly less than the 0:08k
B
entropy dierence be-
tween L1
2
and DO
22
. Based on the correlations
for this structure we estimate the error associated
with using the SQS-8 at less than 0:04k
B
. The
error due to the use of only nearest-neighbor force
constants we believe to be about 0:02k
B
, again
based on comparison to the entropy dierence be-
tween the L1
2
and DO
22
structures. Even if we
make a very pessimistic error estimate and base
the rate of convergence of the absolute vibrational
entropies, rather than their dierences, we still get
an error less than about 0:1k
B
. Even in the pres-
ence of these errors, we can still exclude the possi-
bility that the change in entropy upon disordering
is large and positive, which is the most important
feature of our calculations.
Indeed, the decrease in vibrational entropy upon
disordering is in the opposite direction from what
would be expected based on the bond-proportion
model discussed above. The reason is that size
eects, even in this system with almost no ap-
parent size mismatch, contribute signicantly to
the vibrational thermodynamics. We argued ear-
lier that a Pd-V bond might behave similarly to
a bond between two elements of the middle of
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the transition metal series, which typically have a
larger stiness. However, elements of the middle
of the transition metal series are also character-
ized by smaller lattice constants. One would then
expect Pd-V bonds to be shorter than V-V or Pd-
Pd bonds. As we will see, the short Pd-V bond
length is indeed at the source of the important
relaxations observed in Pd-V. The importance of
size eects in this system will be demonstrated by
analyzing bond strengths and lengths.
Unfortunately, there is no single parameter
which represents the strength of the force con-
stants between two atoms, since this is, in gen-
eral, a nine element matrix. A great simplica-
tion is to represent the force constant matrix in
terms of two parameters, a stretching and a bend-
ing term. This determination of the stretching and
bending terms is done in the following manner.
Start by considering a 3x3 force constant matrix
between two atoms, represented in a cartesian co-
ordinates with one axis along the bond between
the atoms. The diagonal terms of the force con-
stant matrix then represent a stretching and two
bending terms, which can be reduced to one by
requiring the bending terms to be orientation in-
dependent. The remaining o-diagonal terms are
assumed to be zero.
The \reduced" force constant matrix is thus
fully dened by the elements of its diagonal: an
element S (stretching), corresponding to the bond
direction and two elements B (bending) corre-
sponding to the other two directions. By a simple
rotation, the reduced matrix can then be trans-
formed back into the usual cartesian coordinate
system. It will no longer be diagonal, but all the
elements will still be given by linear functions of
S and B. The values of S and B are then deter-
mined by tting (by a least-squares method) the
reduced force constant matrices to the forces ob-
tained from ab-initio calculations, as described at
the beginning of Sec. III). The values for DO
22
,
L1
2
, and SQS structures for rst nearest-neighbors
were -4.48, -4.40, and -4.53 respectively. It is very
interesting to note that the entropies calculated
with only stretching and bending terms dier by
less than 0:01k
B
from the entropies calculated with
the exact nearest-neighbor force constant matrix
for all the cases considered.
shiftsti shows the average stiness of Pd-Pd
and Pd-V rst-neighbor bonds as a function of
their average distance in both the ordered DO
22
and L1
2
structures and the SQS-8. The stiness
here is taken to be the stretching term dened
above. No V-V bond results are included as there
are very few of those (none in the ordered phases).
This gure shows that in disordering there is a sig-
nicant change in both the Pd-Pd and Pd-V bond
lengths. The change in bond lengths occurs be-
cause in the ordered phase all the bonds are con-
strained by symmetry to be the same length, but
in the disordered structure the naturally shorter
Pd-V bonds can contract and the naturally longer
Pd-Pd bonds can expand. As would be expected,
when bonds contract (expand) their stiness in-
creases (decreases). The contraction of the Pd-V
bonds is much greater than the expansion of the
Pd-Pd bonds and it is this imbalance which leads
to an overall stiening of the disordered phase and
the lowering of the entropy with disorder.
The importance of the relaxations can be seen
more quantitatively by removing them in an ap-
proximate manner. To do this, we use the stretch-
ing and bending model discussed above. We take
the stretching and bending parameters for each
nearest-neighbor bond in the SQS-8 structure and
compute an average for each bond type (Pd-Pd,
Pd-V, and V-V). This averaging is needed be-
cause a given type of bond (e.g., Pd-Pd) may
have slightly dierent values of S and B, depend-
ing on the bond's local environment. These aver-
age Pd-Pd, Pd-V, and V-V force constants matri-
ces are an approximation to the \true" force con-
stants we would expect with no symmetry con-
straints. These force constants are then used to
calculate the entropy for both the ordered DO
22
and SQS-8 structures and the increase in entropy
with disordering is found to be 0:26k
B
. This cal-
culation uses a single set of bond length inde-
pendent force constants for both the ordered and
disordered phases and therefore does not include
the relaxation dierences between the two phases.
Without the relaxation eects involved the bond-
proportion model applies and the expected en-
tropy increase is seen to occur. Therefore, we
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conclude that the relaxations are what cause the
bond-proportion model to give an incorrect predic-
tion and the vibrational entropy to decrease with
disordering.
It can be shown that the stretching and bending
force constants are approximately independent of
chemical environment, provided the proper bond
length is used. By this it is meant that a given
bond, say Pd-Pd, will have similar values for S
and B for a given bond length, whether the Pd-
Pd bond is in a L1
2
, DO
22
, or SQS structure. This
raises the possibility of using the values of S and
B determined from simple cases to obtain force
constants for a variety of complex chemical envi-
ronments.
This idea is similar to that explored by Sluiter et
al., where an attempt was made to develop trans-
ferable force constants by averaging over cong-
urations. Sluiter et al. found that the averaged
force constants were not able to accurately repre-
sent the vibrational free energy of dierent chem-
ical orderings. They attribute at least part of this
problem to violation of invariances that the force
constants must satisfy. We believe the approach
chosen here may be more accurate than the aver-
aged force constants of Sluiter et al. for two rea-
sons. Most importantly, the stretching and bend-
ing model allows the force constants to depend on
bond length, which the work presented in this pa-
per proves to be very important. In addition, by
using only the diagonal S and B terms, the force
constant matrices automatically satisfy all the in-
variances associated with crystal symmetry. This
should alleviate some of the problems associated
with violations of the invariances. Further testing
of the stretching and bending model is necessary
before its accuracy can be established.
A more detailed discussion of this work on Pd
3
V
can be found in Phys. Rev. B. 61 5972 (2000).
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